Fermionic natural occupation numbers do not only obey Pauli's exclusion principle, but are even further restricted by so-called generalized Pauli constraints. Such restrictions are particularly relevant whenever they are saturated by given natural occupation numbers λ = (λi). For few-site Hubbard models we explore the occurrence of this pinning effect. By varying the on-site interaction U for the fermions we find sharp transitions from pinning of λ to the boundary of the allowed region to nonpinning. We analyze the origin of this phenomenon which turns out be either a crossing of natural occupation numbers λi(U ), λi+1(U ) or a crossing of N -particle energies. Furthermore, we emphasize the relevance of symmetries for the occurrence of pinning. Based on recent progress in the field of ultracold atoms our findings suggest an experimental set-up for the realization of the pinning effect.
I. INTRODUCTION AND CONCEPTS
The Pauli exclusion principle restricts fermionic occupation numbers n i , 0 ≤ n i ≤ 1 .
(
From this 1-particle viewpoint the strong influence of Pauli's exclusion principle for fermionic quantum systems is not surprising. Since it prevents fermions in lattice systems from hopping to a neighboring site which is already occupied by another fermion in the same spin state it can restrict the mobility of fermions significantly. It has been suspected since the 1970s [1, 2] but was shown only recently [3] [4] [5] that the fermionic exchange statistics does not only imply Pauli's exclusion principle but leads to even stronger restrictions on fermionic natural occupation numbers. To be more specific, we consider N identical fermions described by pure antisymmetric quantum states |Ψ ∈ ∧ N [H 
1 is the underyling d-dimensional 1-particle Hilbert space. To each |Ψ we can assign its natural occupation numbers (NON) λ i , the eigenvalues of the corresponding 1-particle reduced density operator
ρ 1 is obtained by tracing out N − 1 fermions and its eigenstates, |k , are called natural orbitals. Note, that the implicit dependence of λ k and |k onρ 1 and |Ψ , respectively, is suppressed. Pauli's exclusion principle (1) can be reformulated as
The so-called generalized Pauli constraints (GPC) then take the form of linear inequalites [3] [4] [5] of decreasingly-ordered NON. The family of GPC implies Pauli's exclusion principle and P N,d is in particular a proper subset of the 'Pauli hypercube' [0, 1] d described by (3) . A direct significance of GPC was proposed by Klyachko [6, 7] for ground states: For some systems the minimization process of the energy E[Ψ N ] ≡ Ψ N |Ĥ|Ψ N could get stuck on the boundary of the polytope P N,d since any further minimization would violate some GPC. In that case, ground state properties would not only rely on the form of the Hamiltonian but also significantly on the structure of GPC. Such pinning of λ to the polytope boundary leads to further remarkable consequences. On the one hand, it potentially restricts the dynamics from the 1-particle viewpoint since λ can never leave the polytope. On the other hand, it implies that the corresponding Nfermion quantum state has a significantly simplified structure and also reduced entanglement [6, [8] [9] [10] .
GPC may have a more indirect physical relevance, as well. For instance, they may lead to improvements in reduced density matrix functional theories as explored in [11, 12] , can be used for describing the openness of fermionic quantum systems [13] and allow to quantify the influence of the fermionic exchange statistics beyond that of Pauli's exclusion principle [14] .
Based on these ideas, a fundamental question arises: Do there exist fermionic systems exhibiting the pinning-effect? Although Klyachko suggested a mechanism for pinning it would be rather surprising if NON of interacting fermions did exactly saturate some of those 1-particle constraints. For instance, NON for interacting fermions do never saturate Pauli's exclusion principle, since none of them is ever exactly identical to 1 or 0. Further evidence that pinning is unlikely to occur is provided by reduced density matrix functional theory. It seeks a distinguished functional F [ρ 1 ] whose minimization leads to the energy and the 1-particle reduced density operatorρ 1 of the ground state [15] . Since F [ρ 1 ] is nonlinear (see e.g. [16] ), there is no reason why the minimum of F [ρ 1 ] should be attained on the polytope boundary.
Given all this evidence against pinning, it is quite surprising that its occurrence was claimed in [6] for the beryllium atom based on numerical data provided in [17] . However, by taking additional digits into account (in [17] only the first six were shown), this can be disproved [18] . Moreover, in [19] first analytic evidence was found that NON for ground states of interacting fermions do lie indeed close to (but not exactly on) the polytope boundary. The occurrence of this quasipinning [8, 19] was also found for several small atoms and molecules [20] [21] [22] , provided that the numerical approximations were not too restrictive [23] . All these observations suggest that the occurrence of pinning for non-approximated ground states is highly non-generic, or even impossible.
In this paper, we provide in form of the few-site Hubbard model a first example for a system exhibiting pinning. Besides its importance for solid state physics the Hubbard model has gained much relevance in recent years on the microscopic scale, as well. This is due to progress in the field of ultracold fermionic gases which allows to study the crossover from few-fermion to many-fermion physics (see e.g. [24] , [25] ). In that context, the Hubbard model was realized experimentally very recently [26] . The corresponding Hamiltonian (in second quantization) readŝ
where c † iσ and c iσ are the fermionic creation and annihilation operators for a spin-1 2 fermion on the i-th lattice site with spin σ =↑, ↓ with respect to the z-axis andn iσ ≡ c † iσ c iσ . The paper is organized as follows. In Sec. II we recall the symmetries of (5) and introduce a symmetry-adapted basis of N -fermion quantum states. The main results are presented in Sec. III. There, we analytically determine the eigenstates of (5) for three fermions on three lattice sites and explore possible pinning. This is extended by an exact numerical approach for the next larger settings involving more fermions and/or more lattice sites in Sec. IV. In Sec. V, we explain the role of symmetries for the occurrence of pinning. By building on very recent progress in the field of ultracold gases we propose in Sec. VI two ideas for experimental realization of pinning. Sec. VII provides a short summary and a conclusion.
II. SYMMETRIES
In this section we present the most elementary symmetries of the Hubbard model (5) and introduce a basis of symmetryadapted quantum states.
Since the symmetries of the Hubbard model are wellknown (see e.g. Ref. [27] ), they are just listed in order to keep our paper self-contained. First of all, since the HamiltonianĤ commutes with the total fermion number operator N = r−1 i=0 σn i,σ , [Ĥ,N ] = 0, the total particle number N is conserved and we restrict to fixed fermion numbers N . By employing first quantization in the followingĤ is then restricted to the corresponding N -fermion Hilbert space
of antisymmetric quantum states, where the 2r-dimensional 1-particle Hilbert space has the substructure
degrees of freedom and H (s) 1 ∼ = C 2 is the spin Hilbert space of a single fermion.
We denote the total spin vector operator byˆ S, its zcomponent byŜ z and letT be the translation operator which translates each of the N fermions from its lattice sites i to the next site i + 1. Then, the symmetries ofĤ are described by the following relations (see e.g. [27] )
The operatorsˆ S 2 ,Ŝ z andT also commute with each other. Consequently, the total spin quantum number S, the magnetic spin quantum number M and the total Bloch number (wave number) K are good quantum numbers [28] . The Hamiltonian (5) is block diagonal w.r.t. those symmetries and the total Hilbert space splits according to
By setting ≡ 1 the maximal total spin is given by S + = N 2 and the minimal total spin S − by 0 for N even and
Since we will focus below on the 1-fermion picture it is worth noticing that the 1-particle reduced density operator ρ 1 inherits symmetries from the corresponding N -fermion quantum states |Ψ [29] . Whenever |Ψ has a symmetry, F defines such a symmetry, whereT 1 is the 1-fermion translation operator. Another symmetry is generated by the z-component of the fermion spin. Consequently, the natural orbitals arising from any symmetry-adapted state |Ψ , |Ψ ∈ H S,M,K , are given by |kσ ≡ |k ⊗ |σ . Here |k ∈ H , σ =↑, ↓, is the corresponding spin state. Moreover, sinceρ 1 is diagonal w.r.t. the NO, we can easily calculate the NON. They are given by the diagonal elements kσ|ρ 1 |kσ . The basis {|kσ } for H 1 induces a basis for the N -fermion Hilbert space H N , the N -fermion Slater determinants (8) where A N is the N -particle antisymmetrizing operator and the ordering of the 1-particle basis states is given by |0 ↑ , |0 ↓ , |1 ↑ , . . . , |r − 1 ↓ .
III. THREE FERMIONS ON THREE SITES
In this section we study the Hubbard model (5) for three fermions on three lattice sites with periodic boundary conditions [30] . We analytically diagonalize the Hamiltonian and explore whether its eigenstates exhibit the pinning or quasipinning effect.
A. Analytic diagonalization of the Hamiltonian
To diagonalize (5) on the corresponding 6 3 = 20-dimensional 3-fermion Hilbert space we first blockdiagonalizeĤ w.r.t. to its symmetries which were mentioned in Sec. II. The total spin quantum number S can take the two values S = . We first split the total Hilbert space w.r.t. those two values for S and then continue with the magnetic quantum number M :
The only state with maximal magnetic quantum number M = 3 2 is the symmetry-adapted state |0 ↑, 1 ↑, 2 ↑ . It has the Bloch number K = 0 + 1 + 2 (mod 3) = 0. By successively applying the lowering ladder operator to that state we find the remaining three symmetry-adapted states of the corresponding quadruplet.
They read
[|0↓, 1↓, 2↑ + |0↓, 1↑, 2↓ + |0↑, 1↓, 2↓ ] and |0↓, 1↓, 2↓ . As an elementary exercise one verifies that (5) restricted to that 4-dimensional subspace is given byĤ| S= 3 2 = 0.
• S = • M = 1 2 . In this 8-dimensional subspace we find two states with K = 0, . However, due to the additional invariance ofĤ under inversion in the reciprocal lattice (recall that K = 2 equals K = −1), we can restrict to the case K = 1. This subspace is spanned by the three states |0 ↑, 0 ↓, 1 ↑ , |1 ↑, 1 ↓, 2 ↑ and |0 ↑, 2 ↑, 2 ↓ andĤ represented w.r.t. to those three states takes the form
The diagonalization of this 3 × 3-matrix leads to a cubic equation which is presented and solved in Appendix A.
• M = − . The case S = 1 2 yields the black straight dotted line (K = 0) and the three red solid lines correspond to the solution for the nontrivial subspace problem (9) for K = ±1.
solid lines E 1 (u), E 2 (u) and E 3 (u) are those arising from the eigenvalue problem for (9),
According to the symmetries each E j (u) has multiplicity four (quantum numbers S = 
B. Pinning analysis
In this section we investigate whether the energy eigenstates of the Hubbard Hamiltonian are showing quasipinning or pinning. Due to their particular relevance for experiments we first consider symmetry-adapted states. At the end of this section we also study coherent superposition of degenerate eigenstates.
The corresponding GPC (cf. Eq. (4)) for the setting of N = 3 fermions and a 6-dimensional 1-particle Hilbert space are given by [1] 
The first three GPC lead to strong structural implications for the corresponding 3-fermion quantum state (see e.g. [10] ). Since they are always saturated it only makes sense to explore a possible saturation of the fourth constraint, which takes the form of a proper inequality. First, we study the four eigenstates with S = 1, 1, 1, 0, 0, 0) . Since this vector even saturates the weaker Pauli exclusion principle constraint (1) it is also trivially pinned to the polytope boundary. The other two eigenstates, those with M = ± (2, 2, 2, 1, 1, 1) . More interesting are the remaining three eigenstates (with multiplicity four) arising from (9) and (10), since they do depend on u. These states have the general form
The three coefficients α(u), β(u) and γ(u) are calculated in Appendix A and their absolute squares are presented in Fig. 2 for the three non-trivial eigenstates following from (10).
FIG. 2. The absolute squares of the coefficients α(u) (red), β(u)
(blue) and γ(u) (green) for the eigenstates following from (10) . Those for the ground state |Ψ1(u) (left) are identical to those for the highest energy state |Ψ3(u) (not shown) up to a reflection w.r.t. the vertical axis. On the right the corresponding result for the excited state |Ψ2(u) is shown.
The corresponding 1-particle density operator represented w.r.t. to the 1-particle states |kσ is diagonal as explained in Sec. II. In particular, this means that the two different spinblocks are decoupled [31], i.e.
Sinceρ 1 is normalized to N = 3 and needs to reproduce the S z -spin expectation value M = 
The structure of this spectrum -three eigenvalues are given by the weights |α| 2 , |β| 2 and |γ| 2 and the other three by sums of two of them -is a consequence of the symmetries, only. The concrete form (beyond the symmetries) of the Hubbard Hamiltonian affects only the weights |α(u)
Furthermore, it is an elementary exercise [8] to show that the normalization ofρ 
Eq. (15) simplifies the pinning analysis and we can distinguish two cases
The fourth-largest NON λ 4 is therefore given by n ↑ min and for the second line of Eq. (11) we find
where we used that λ 5 and λ 6 both belong toρ • n ↓ max < n ↑ min . In a similar way we find for this case This means, depending on the ratio of n ↓ max and n ↑ min , we either have pinning or nonpinning. Whether the eigenstates (12) are pinned or not is illustrated in Fig. 3 . It shows the six NON for the relevant on-site interaction regime. The three eigenvalues of the blockρ Indeed, as shown on the upper side of Fig. 4, D (3,6) (u) for the ground state undergoes a pinning-nonpinning transition. D (3, 6) (u) for the excited state |Ψ 2 (u) (lower panel of Fig. 4) shows indeed that an expected reentrance phenomenon is present, a sequence of pinning-nonpinning transitions.
Due to the distinguished role of the ground state we determine its leading behavior on the right side of the 'critical' point u 0 . From the concrete form of the ground state |Ψ 1 (u) (see Appendix A) one obtains
So far we have restricted ourselves to symmetry-adapted eigenstates. However, since experimental realizations of the Hubbard model typically prepare states with fixed spin quantum numbers (see e.g. [26] ) the most general ground state takes the form
but has still well-defined spin quantum numbers S = 1 2 , M = ± 1 2 . Here |ξ| 2 + |ζ| 2 = 1, I Q is the 3-fermion inversion operator for the reciprocal (Q) lattice and |Ψ 1 (u) has the form (12) where the coefficients follow from the eigenvalue problem (9) and (10). We set ζ ≡ |ζ|e iϕ and without loss of generality we choose ξ = |ξ| = 1 − |ζ| 2 . Due to a There we can see that pinning is uniform in u whenever
. For all other superpositions it vanishes for some critical value u 0 (ζ). Moreover, since this critical value u 0 (ζ) is minimal for either ζ = 0 or |ζ| = 1, we conclude that superposing |Ψ 1 (u) and I Q |Ψ 1 (u) extends the u-regime of pinning from (−∞, 12.86] to some larger interval (−∞, u 0 (ζ)], u 0 (ζ) ≥ 12.86. Furthermore, as already suggested by Fig. 5 it turns out that the relative phase ϕ = π 3 favors pinning best.
IV. LARGER SETTINGS
In this section we study the next larger systems. However, since complete families of GPC are not known yet for cases corresponding to more than N = 5 fermions and more than r = 5 lattice sites we restrict to N ≤ 5 and r ≤ 5. The GPC for all those cases can be found in [5] . We diagonalize the corresponding Hamiltonians exactly by numerical methods. In the following we present as representative cases the two cases (N, r) = (3, 4), (5, 5) . The other cases (3, 5), (4, 4) , (4, 5) are qualitatively similar. Note also, that due to the particle-hole symmetry [27] , the NON for the cases (N, r) with N > r follow from those for N < r.
A. Three fermions on four sites
For the Hubbard model with three spin-1 2 fermions on four lattice sites we explore possible pinning for several symmetryadapted eigenstates. In Fig. 6 we present the results, i.e. the minimal distance D min (u) of the vector λ(u) of NON to the polytope boundary ∂P 3,4 , for the 5-dimensional subspace with quantum numbers (S, M, K) = ( It is instructive and also relevant for possible experimental realizations of the pinning effect to study the global ground state separately. For the u-interval (−18.6, 18.6) the ground state belongs to the blocks (S, M, K) = ( Fig. 7 . The behavior in the regime (−18.6, 18.6) is already known from Fig. 6 and for |u| > 18.6 there is always pinning. The nonanalytic behavior of the distance D min (u) of the NON λ(u) to the polytope boundary at 'critical' points has different origins. First, recall that the Hamiltonian (5) depends analytically on the on-site interaction u and the energy spectrum and eigenstates inherit this analyticity. However, the ordering of the eigenstates according to increasing energies may violate this analyticity. This happens as already mentioned above at the 'critical' point u = −18.6. At the other 'critical' point u = +18.6 D min (u) is analytic since both quantum states whose energy curves are crossing show identical pinning behavior (both are pinned). Even for a given analytic N -fermion state |Ψ(u) nonanalytic behavior of D min (u) is possible. Althoughρ 1 (recall (2)) and therefore also its spectrum (NON) and natural orbitals inherit this analyticity the ordering of the NON λ i (u) ≥ λ i+1 (u) may violate it and could therefore lead to 'critical' points for D min (u). This happens at u ≈ 2.1 (see inset of Fig. 7) . To verify this we study the distances of successive NON and present those three pairs in Fig. 8 (4)), i.e. with different coefficients κ i . To verify this for the ground state studied in this section we first need to know the polytope facet which is closest to λ(u), i.e. we need to find the most saturated GPC (4). For u ≥ 2.0 this is the constraint
Indeed, the NON λ 6 , λ 7 have different weights, κ 6 = 0 and κ 7 = −1. This is not true for the other pairs of NON, λ 1 , λ 2 and λ 5 , λ 6 since κ 1 = κ 2 = −1 and κ 5 = κ 6 = 0. Consequently, the pinning behavior is also analytic around u ≈ 
B. Five fermions on five sites
As a third case we study five fermions on five lattice sites. The ground state (with multiplicity four) belongs to the subspaces (S, M, K) = ( Finally, it should be also mentioned that linearly superposing degenerate eigenstates belonging to subspaces with different quantum numbers leads again to enhancement of pinning as discussed at the end of Sec. III B.
V. ROLE OF SYMMETRIES AND STRUCTURAL IMPLICATIONS OF PINNING
In this section we emphasize the strong relation between symmetries and pinning. One of the most remarkable consequences of pinning as an effect in the 1-particle picture is that it allows to reconstruct the structure of the corresponding Nfermion quantum state |Ψ . In addition, |Ψ is significantly simplified (see e.g. [6, [8] [9] [10] ). To explain this, notice that for NON saturating all Pauli exclusion principle constraints, |Ψ can be written as a single Slater determinant,
This structural simplification for pinning to the Hartree-Fock point λ HF , which is a vertex of the polytope P N,d , generalizes to arbitrary points on the polytope boundary: By expanding |Ψ in Slater determinants built up from its own natural orbitals |i ,
many of the expansion coefficients c i1,...,iN need to vanish rigorously in case of pinning. This selection rule of Slater determinant for pinning D( λ) = 0 reads (see e.g. [10] )
Here |i ≡ |i 1 , . . . , i N and
wheren j is the particle number operator for the j-th natural orbital of |Ψ . Since D(·) is linear (recall Eq. (4)),D Ψ is a (hermitian) 1-particle operator. The structural simplifications of |Ψ by pinning lead to a reduction of entanglement described, e.g., by the von Neumann entropy of the 1-particle reduced density operatorρ 1 . This follows from the fact that the maximal entanglement corresponds to NON λ = ( entanglement entropy given pinning. Furthermore, since excitations depend qualitatively on the structure of the ground state, pinning may also influence the low temperature properties.
For systems of interacting fermions one does not expect any of the coefficients c i of the superposition (22) to vanish. Consequently, pinning seems unlikely or even impossible. However, as the analysis of the Hubbard model has shown, 1-particle symmetries, like the translational or spin symmetry, cause such a significant reduction of Slater determinants (see e.g. (12)) and eventually can cause pinning. Yet, our results also show that the presence of symmetries does not automatically imply pinning.
Besides the main insight that symmetries of the Hamiltonian favor pinning, a converse statement is also possible. According to Eqs. (22) , (23) and (24) , the occurrence of pinning reveals a 1-particle symmetry of the corresponding quantum state |Ψ . It is generated by the 'observable'D Ψ and reads
All consequences of pinning presented in this section hold approximately for quasipinning, as well [10] .
VI. EXPERIMENTAL REALIZATION OF PINNING
In this section we outline two conceptually different ideas for realizing and verifying pinning. Both of them are based on very recent progress in the field of ultracold fermionic gases simulating the few-site Hubbard model with full control over its quantum state [26] . By focusing laser beams with a highresolution objective, a potential landscape with a few wells is generated which can be loaded with 6 Li atoms. This system then simulates the few-site Hubbard model. By independently controlling the intensity and position of the laser beams with an acousto-optic deflector the hopping between the wells can be tuned [26] . Hence, by preparing, e.g., three ultracold fermionic atoms in an optical potential with four local minima located at the vertices of a square, the results found in our work can be checked. This only requires a measurement of the 1-particle occupation numbers as performed in [26] [33] . Besides such a direct verification of pinning by measuring NON an indirect and more fault-tolerant approach is also possible. It makes use of the fact that pinning potentially restricts the dynamics of the corresponding system. This is illustrated in Fig. 10 . On the left side, the valence electron cannot decay to lower lying energy states since those are already occupied. Such a kinematical restriction by Pauli's exclusion principle is generalized by GPC to arbitrary 'points' λ on the polytope boundary. There, as presented on the right side of Fig. 10 , pinned λ can never leave the polytope. A complete mathematical analysis reveals even stronger implications. The linear response of pinned λ to a perturbation of the corresponding N -fermion quantum state |Ψ is restricted to the polytope facet [34] . This means that λ in leading order cannot leave the polytope facet under any small perturbation of the system and in particular cannot move to the interior of P. For quasipinning, this holds approximately, as well. In Fig. 11 , a set-up is proposed for the indirect experimental verification of pinning by referring to its robustness. A physical system Σ, e.g., the 3-fermion Hubbard model, is perturbed by a laser wave (shown in blue) which couples to the magnetic moment M of Σ. By describing the interaction process from the 1-particle viewpoint (right side) the linear response of Σ may significantly depend, e.g., on the polarization or the direction of the laser wave. In some specific cases (shown in red), the linear response of λ is expected to be perpendicular to the polytope facet. However, this is in contradiction to the existence of GPC and therefore the interaction between Σ and the laser wave has to be suppressed. A detector as shown in the set-up on the left side of Fig. 11 can then detect this non-scattered laser wave. Furthermore, if Σ is given by the few-site Hubbard model, changing its on-site interaction would allow to verify the pinning-nonpinning transitions found in our work.
By considering not only a single few-site Hubbard model but macroscopically many, a GPC-induced transparencyeffect for that material/gas could be observed. All laser waves with a specific polarization, frequency, etc. are not scattered and the material is not susceptible to them.
VII. SUMMARY AND CONCLUSION
The fermionic exchange statistics does not only imply Pauli's exclusion principle but leads to even stronger restrictions on fermionic natural occupation numbers (NON). Therefore, these so-called generalized Pauli constraints (GPC) have additional influence on the behavior and the properties of many-fermion systems. A particular feature is their saturation, i.e. the pinning of NON to the boundary of the allowed region. We have argued that this pinning effect is very rare, or even impossible, and that instead quasipinning occurs [6, 8, 10-13, 18, 20-22, 34] .
As discussed above pinning has strong implications. For instance, it leads to a significant simplification of the manyfermion quantum state |Ψ , accompanied by a reduction of its entanglement. Due to these strong implications of pinning it is highly desirable to find models for which pinning really occurs and which can be realized experimentally.
In form of the few-site Hubbard model we succeeded in providing a first system satisfying these requirements. For all cases (N, r) with N ≤ 5 fermions on r ≤ 5 sites we found for many eigenstates finite or even semi-infinite intervals for the relative onsite-interaction u, where their NON λ(u) are pinned. The end points of those intervals define 'critical' points where sharp pinning-nonpinning or pinningquasipinning transitions are found. As an 'order parameter' the minimal distance D min (u) of λ(u) to the polytope boundary ∂P has been used. We also studied the origin of those transitions which turns out to be either a crossing of eigenenergies or a crossing of NON λ i (u), λ i+1 (u).
The basic reason behind our findings is the presence of rotational (in spin space), and particularly of translational symmetry. This immediately implies that the natural spin orbitals (the eigenstates of the 1-particle reduced density operator) are the Bloch states |k multiplied by a spin state | ↑ , | ↓ . Hence the natural spin orbitals are known from the very beginning, in contrast to atomic and molecular systems. As a consequence the NON gain direct physical relevance.
We have suggested two different experimental set-ups for the verification of the pinning-effect, as well as the pinningto-nonpinning transition. Note that the existence of the nonpinned 'phase' proves that symmetry does not automatically implies pinning. Since GPC emerge from the antisymmetry, the experimental verification of the pinning effect would also provide additional evidence for the antisymmetry of fermionic wave functions.
The focus of the present contribution has been on pinning. It will be a challenge for future work to investigate its implications. One of them is the simplification of the corresponding many-fermion quantum state. It will be interesting to study how far the simplification of |Ψ influences its entanglement and the low-lying excitations, responsible for the low temperature behavior.from (9) . We find α j (u) = u + 3 − E j (u)
which after division by |α j (u)| 2 + |β j (u)| 2 + |γ j (u)| 2 yields the normalized coefficients of the eigenstates (12).
Appendix B: Calculation of the NON for the superposition (19) In this appendix we calculate the NON for the more general ground state (19) . Since (19) is not symmetry-adapted to the lattice translation anymore, the corresponding 1-particle reduced density operatorρ 1 represented w.r.t. the Bloch states {|k, σ } is not diagonal anymore. However, since (19) is still an S z -eigenstate, the new natural orbitals are still spin eigenstates w.r.t. z-axis andρ 1 splits into blocks according to Eq. (13) . The specific normalizations of both blocks together with the three equalities (11) imply again that for each eigenvalue n
